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H. P. 
THE A B C OF TRIANGULATION ADJUSTMENT.+ 
Kauf’man, Mathematician, U. S. C. & G. Survey, 

Introduc t i on  

In any extensive system of surveys, account m u s t  be taken of the curvature 
of the surface af the earth. In  geodetic surveying a l l  calculations are  referred 
t o  an assumd idea l  spheroidal form which i s  essent ia l ly  the same as the sea- 
l eve l  surface and closely approximates the ac tua l  surface. The posit ion of a 
point on this ideal  surface i s  determined when it is  referred t o  the system of 
para l l e l s  and meridians, in other words, i f  i t s  l a t i t ude  and longitude are ]mown. 
In the absence af other lnformmtion the posit ion of a s t a t ion  can be determined 
only by astronomical observations. 

has,been obtained by d i r e c t  measurement, or i s  known from previous information, 
then the posi t ion of a t h i rd  point not i n  the l i n e  joining the other two can be 
determined If it Is.  observable frm both the or iginal  stations. It l a  apmrent 
that  the l i n e s  connecting the three points  form a triangle, The method is known, 
tnerefare,  as tr iangulation. It may be extended t o  include any number of observ- 
able stat ions.  By occupying the new statims and observing s t i l l  other points a 
system of t r iangulat ion is obtained. Such a system m y  be carr ied forward t o  
any desired extent and is generally connected w i t h  another network. When a l l  
determinatims a re  braat  i n t o  consistent agreement the system i s  said t o  be 
adjusted. 
connection w i t h  the varicus problems as they are taken up. 

I f - t h e  posit ions of two s ta t ions  are known and the distance between them 

The conditions t o  be aa t i s f ied  in an adjustment w i l l  be considered i n  

Directions 

Included in the data obtained by the f i e l d  pa r t i e s  a re  l ists  of d i rec t ions  
of occupied stations to observed stations. The direction to a station is the, 
angle taken in a clockrgise sense between the l ine  from the occupied s t a t i o n  t o  
a s t a t ion  a r b i t r a r i l y  chosen as Initial and the l i n e  t o  the given s ta t ion.  There. 
i s  a l is t  of directions f o r  each occupied station. We shall a m i t  f o r  the time 
be- .any discussion d the corrections or reductions which may be necessary and 
assume that the lists are  ready f o r  use. 
m h e  the angles of the various t r iangles  in a network. In  the t r iangle  formed 
by l i n e s  connecting s ta t ions  A, B, and C, as shown, the angle a t  B 1s found b Y  

subtracting the d i rec t ion  B t o  C from B t o  A. 
angle a t  C i s  found by subtracting d i rec t ion  C t o  A from C 
t o  B. It is t o  be noted. that the angle is always taken i n  
a clockwise sense. If the di rec t ion  t o  be subtracted is  
la rger  than the other, it is  necessary t o  add 360° t o  the 
smaller d i rec t ion  before subtractirg.  

accuracy are carr ied t o  hundredths of a second, Intersect ion 
stations t o  tenths  or even to whole seconds, i f  the object  
sighted on Is not sharply defined. 
objects can be given only t o  the nearest  10 seconds. 

We make use of the direct iona t o  deter-  

Similarly the 

A Directions t o  main scheme s ta t ions  of f irst  order 

Directions t o  nearby 

Triangle Computation, no check Point 

Suppose we have the following problem: . Stations B and C are  occupied. A t  
each, observatims a r e  made on s t a t ion  A w h i c h  is  unoccupied. Required t o  find 
posit ion of A. It is assumed that we know the l a t i t ude  and longitude of B and 
C ,  the dis tance B C,  the azimuth B t o  C, and the back azimuth C t o  B. The azi-  
wath of a l i ne ,  say B t o  C,  is def-ined as the angle reckoned clockwise between 
a l i n e  extending due south from B and the  l i n e  B to C .  Similarly the back az i -  
muth i s  t k e  angle taken clockwise between a l i n e  extending due south fran C and 
the l i n e  C t o  B. On a plane surface the forward and back azimuths would d i f f e r  
by  180°, but  on me earth north and south l i n e s  are meridians and are not  paral- 
l e l  except a t  t;he Equator. 
more or  l e s s  than 180°. 

*For add i t ioml  l i t e r a t u r e  see: 

B 

Hence the forward and back azimuth d i f f e r  by s l igh t ly  

Geodesy, Hosmer 
U. S. C.. & G .  S. Spec. Pub. 138 
Pract ical  Least Squares, 0.  M. Leland. 

A. 1397-2 (18)+ 



2 

A geodetic l i n e  is fixed e i the r  by the l a t i t udes  and longitudes of both end 
points or the l a t i t ude  and longitude of one end point and the length and forward 
azimuth of the  l ine .  That is, 5f e i the r  s e t  of quant i t ies  is  known the others 
can be computed. 

deduced from the given data. Lines sighted over i n  one di rec t ion  only a re  shown 
dotted a t  the end toward which observation was directed.  The angles B and C a re  

In the problem suggested l e t  us sketch the t r iangle ,  since i t s  form can be 

obtained fran the l i s t s  of direct ions f o r  the points B and 
C respectively. There i s  no l i s t  f o r  A since the s t a t ion  

A is unoccupied. Hence the angle A m u s t  be concluded. That 
is A = 180° - (B+C). This is not s t r i c t l y  t rue  since the 
t r iangle  i s  not a plane t r iangle .  
angles exceeds 180° by a q w n t i t y  cal led the spherical  ex- 
cess, the computation of which w i l l  be explained subsequent- 
ly .  In the given figure the spherical  excess is included 
i n  angle A. The spherical  excess is computed to as many 
decimal places as  are  retained i n  t he  directions which fix 
the angles, in this type of problem usually t o  tenths of a 
seccnd. The angles A, B, and C, as determined, are spheri- 
ca l  angles. To obtain the s ides  AC and AB we need t o  h a w  

The sum of the three 

B C A 
the plane angles. 
nearly equally as possible between the three angles, one th i rd  on each angle, or, 
if it cannot be divided by three, dis t r ibuted so that the smaller angles w i l l  re-  
ceive the i r  correct  share as nearly as possible*l, and subtracting from each 
angle i t s  a l lo t t ed  spherical  excess. The sum of the three resu l t ing  plane angles 
should be equal exactly t o  1800. 

of sines. This gives us a l l  the data  required for the determination of the posi- 
t ion of A. The solution of t k e  t r iangle  and the cmputat ion of the posit ion of 
A are carr ied out on specially prepared forms and will be i l l u s t r a t e d  by an 
example taken from actual  data. 

These a re  obtained by d is t r ibu t ing  the spherical  excess as 

The unkncwn sides  BA and CA a re  next computed using the trigonometric l a w  

A r o x h  sketch is  drawn t o  reasonably approximate scale. Following *e 
tr iangle computatim form, the angles are numbered clockwise 
angles a re  next entered i n  the form indicating the concluded 
angle, which i n c l d e s  a l l  the spherical  excess, by parenthe- 

Canner beginning with the undetermined point. The values of the 

sis. 

Computation of Triangle 
Da v i s / /  -‘-‘A 

Boundary 

OBBEBVED AN’QLE COBB’N E’B’m’L 8.e’m’L A X U  SIC= NO. STATION 

2-3 

1 Boundary (71 07 10.5) 10.5 0.2 

2 Davis 6 1  22 16.7 16.7 0.1 

1 -3 0.4 

180 00 00.4 

3 Comer 47 30 33.2 33.2 0.1 

1-2 

PLANE ANGLE LOCARITEM AND DISTANCE 

4.205 406 
10.3 0.024 0190 

16.6 9.943 3673 
33.1 9.867 6947 

4.172 792 
4.097 120 

The spherical  excess is calculated from the formulg ,  a b sin C. x m, in- 
volving two sides,  t h e  sine af lhe i n c l d e d  angle, and the f ac to r  m w h i c h  de- 
pends on the l a t i tude .  Since the spherical  excess must be determined in advance 
of the lengths of the sides,  we make an approximate preliminary computation of 
these lengths using the logarithms of the s ines  of the angles to four  places. 

S:-1 Special Publicatian No. 138, page 39. 

*2 Special Publication No. 138, pages 32-33. 
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The steps in the determination of the spherical  excess of the t r iangle ,  dis-  

cussed in our example, may be i l l u s t r a t ed  as follows: 

Approximate Computation of Lengths Computaticm of Spherical Excess 

f i c l e n t  accuracy. Where there  is no other 
means of checking, i t  is  advisable t o  oompute 
the spherical  excess i n  more than one ray 
since we oan use any two sides and the sine 
of the included angle. For convenience and 
rapid computatlon, the spherical  excess can 
be computed from the logarithms which a re  a l -  
ready in the logarithm column of the t r iangle  

shown a t  r ight .  This blocks aut  a l l  but the 
necessary logarithms t o  compute the spherical  
excess. Log m i s  usually placed as s h m , l n  
penci1,and changed when necessary. The shield 
uses angle 3 and s ides  2-3 and 1-3. The 
shield can be made of b r i s t o l  board or 'other  
s imilar  paper. 

computation, by placing over them the shield 

The plane angles a r e  next de- 

log (2-3) = 4.20 4 
log s i n  ( 2 )  = 9.#.&4 

log (1-3) e:l72e 
log (1-2) = 4.0971 

colog sin (1) = 0.02zo 

log sin (3) 

r 

2-3 

3 

1-3 

1 .4043  m 
w T d  E 

line (1-31 = l i n e  (2-3) ein ( 2 )  

sin (1) 

l i n e  (2-3) sin ( 3 )  
sin (1) 

line (1-2) = 

' or expressed logarithmically 

D a v i s  A log (1-3) = log (2-3) + colog sin (1) + log s i n  (2 )  

log (1-2) = log (2-3) + oolog sin (1) + log sin (3) 

Conner 

Boundary 

The form is conveniently arranged f o r  this ccmputation. 

The logarithma of lengths are carr ied t o  s i x  places and those of f u n c t i a s  
of angles t o  sevgl places, i n  work d the s d e r  of accuracy of the example given. 

The posit ion of the point Boundary is next computed using a t h i rd  order po- 
s i t i o n  form. 
page 8, makilp: use of only as many terms as the  order of accuracy requires. It 
is t o  be noted tha t ' two independent calculations of the posit ion are made. These 
w i l l  check to  vrithin.5one-thousandth of a second or bet te r ,  if there is no e r ro r  
In the computationo 

A br ie f  oxplanation of the form w i l l  suffice. The l a t i t ude  and longitude 
of Boundary may be calculated if  we know the l a t i t ude  and longitude of Davi8, 
the length Davis-Boundary and the azimuth Davis-Boundary. We can a l so  obtain 
the smal l  correction bar necessary t o  calculate the back azhuth .  A s imilar  s t a t e -  
ment may be nade regarding s ta t ions  'Conner and Boundary. 
Boundary is obtained by adding the angle a t  Davis (second angle of the t r i ang le )  
t o  t h e  known azimuth Davis-Conner. 

The camputation follows the formulas given i n  Special Publication 8, 

The azimuth Davis- 

This gives us' a , used as the argument for 
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finding the s ine  and cosine i n  the l e f t  half  of the computation. 
B, c end D, which a re  compiled in  Special Publication 8, pages 20 t o  91, are based 
upon the l a t i t ude  cp as an argument. 

The rigt side of the form provides f o r  a similar calculat ion of the new po- 
s i t i o n  usirg the posit ion of the remaining s ta t ion ,  i n  this example Conner, and 
the distance end azimuth from it t o  the new point. The azimuth Conner-Boundary, 
the u used on the right side,  is found by Subtracting the angle a t  Conner frm 
the known azimuth, Conner-Davis. Thi6 last statement i s  m a d e  obvious by an in- 
spection of the sketch on page 2 .  We now have the s t a r t i n g  data f o r  both s ides  
of the form. The computation of the increments of l a t i tude ,  longitude and az i -  
muths, from this point on, follows the same plan on both s ides  of the form. 

The constants 

In the computation of the increment of l a t i t ude  Acp 8 i t  is to  be noted that 
subst i tut ion in  the formula givoo - A T .  If -Alp is a posi t ive quantity the l a t i -  
tude of m e  new s ta t ion  is obtained by subtracting the magnitude of Acp from the 
s t a r t i ng  l a t i t u d e p .  I f  - A T  'is negative, the magnitude of Acp i s  added t o  give 
us the l a t i t ude  of the desired position. 
always the  same as that of the sign of cosa . 
sign is always given, otherwise it must be remembered that cos a is  posi t ive from 
00 t o  900, negative from 90" to 2700 and posit ive again from 270° t o  360°. The 
second and third terms a re  always posit ive.  The rigorous application of the 
formula for  Acp requires the computation of a number of terms in addi t ion t o  the 
t h e e  provided fo r  on the form. 
the computation depends upon the lengths. Tho fourth term should be calculated 
if the l o  arithm of the length is around 4.0 or  more. 

are  determined t o  fom places of decimals and then adopted t o  three,  the fourth 
term should always be considered if it amounts t o  O?OOOl. If the values ofcp' 
check within O!'OOl the computation is probably correct.  
is a r b i t r a r i l y  removed by adding or  subtracting this amount frm one of me cp' 
values. The correction of O ' l O O l  should be applied t o  t h a t  value of cdfor which 
the corresponding value of Acp , carried t o  four places, w i l l  be changed l e a s t  by 
the correction necessary t o  a l t e r  the value, (P' by O."OOl. The determination of 

SFn a should always be taken out a t  the sane 
time as cosu . A '  is found on the same page of Special Publication 8 as B, C, D 
and E, but depends on P' as argument. Since 9'' is the same f o r  both s ides  of the 
caniputation, A t  and sec cp' are the same i n  b o t h  determinations of AA. The fonnu- 
l a  yields  + A A .  Hence A A  is  applied with the same algebraic sign as is obtained 
i n  the computation, which w i l l  be the same as t ha t ' o f  s i n  u . It w i l l  be remem- 
bered that s i n  a is posit ive from Oo t o  1800 and negative f r m  1800 t o  3600. The 
two determinations of the longitude A' should also agree t o  O?OOl o r  be t te r .  
Again an addi t ional  correction may be required if the t r iangle  i a  large. 
correction, explained in d e t a i l  on page 18 of Special  Publication 8 and known as 
the a r c  s i n  correction, may be determined using the table on page 17 of Special 
Publication 8, from the  value of s and the preliminary value of log A X .  
rect ion is applied t o  the logarithm ra ther  than t o  Ah direct ly .  

The value of the longitude as determined on the r i g h t  and l e f t  s ides  of the 
fmm should d i f f e r  by not more than 1 i n  the thousandths of seconds, and, as i n  
the case of the ; la t i tude ,  one of the values is adopted. The seme considerations 
a re  applied i n  the adoption of h' as in '  the adoption Of cp' 

it is seen t h a t  it enables one t o  determine by inspection whether Acp and Ax have 
been taken in the proper sense. 

The computation of the posit ion l a  completed by the determinations of -Au 
necessary t o  give us the back azimuths. 
+ log s i n  & ( c p  + q ) .  
w i t h  algebraic sign Opposite t h a t  of A A -  

After the back azimuths a re  determined a final check is obtained on t h o  aei-  
muths by adding the angle a t  the new posit ion t o  the azimuth 1 t o  2 .  As is appa- 
rent  from the f igure  t h i s  sum is equal t o  the azimuth 1 t o  3 if  correct ly  deter- 
mined. We are permitted t o  adopt one of the back azimuths a r b i t r a r i l y  t o  correct  
a discrepancy of not more than 1 i n  the l as t  place of decimals. .It is apparent 
tha t  the computation is completely self-checking as far  as the azimuths are con- 
cerned. 

In the case of a no-check point the calculation may be e n t i r e l y  correct  and 

The s ign of the first term of -AT is 
U s i n g  the Shortrede Tables t h i s  

Whether they ac tua l ly  need t o  be brought i n t o  

This term is equal t o  
-h s2 sin B a E  and is always opposite i n  sign t o  the  f i rs t  term. Since the terms 

The disagreement of O!'OOl 

Ah' is completed a f t e r  cd is fixed. 

T.is  

The cor- 

The importance of following a f a i r l y  accurate sketch becomes apparent when 

For third order work log -Aa = log A A  
Since w e  solve for a negative resu l t ,  Aa i s  always applied 
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01 a Davis to8 Canner to2 Davis 

u 2  Davis to1 Boundary 
e* L rk - 

-. 

- 
at 1 Boundarv to2 Davis to3 Conner 

0 t 
FIRST ANGU OB TRIAN~LEI 

0 t #I Logarithms Values in eeconde 

8 4.097120 t(+++t) I 38 01 13.368 i(+++t) I 38 05 14.772 
values in ' Logarithms 

B 8.5110016 S 4 09 7 120 S 4.172792 
COB= 9.0680914 n - 

-- -- 
- h 1.6762130 

- 
- 3 r r -  

-- Ax 2.4204598 (-263.3054 
2 sin*(+++#) 9.79011390 I 

~9 8.19424 
Sin¶= 9 a99402 

c 1.29774 

- 
ha 3.3524 - Aa 2.2106488-jbE A235 

D 2.3792 4th - 0.0002 
- 2 3797 4th +0.0001 - 

5 7316 3dterm Ll+zj+ 0 0 0045 

-A+ -47.1411 +435.6679 
ll-ww ns..D.MPD--rr 

arc-sin corr. -h 2.6391 arc-sin corr. -h 1.6762 11 
S26& U 8.1883 - 2.8 s2sln20; 7.6153 - 4.0 

E 6.0635 
5.9280 

+ 4.3 
+1.5 

E 6.0663 
6.3207 
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the posit ion yet  be spurious. The three adjacent f igures  i l l u s t r a t e  w h a t  is meant. 

X 
\ / 

\ / 
\ 

The f irst  indicates a real intersection point a t  A. 
s8me object. 
objects, X am5 X I ,  ident i f ied erroneously as the same. The l i nes  of observation 
intersect  a t  A and there is nothing i n  the computation t o  show tha t  this is a f ic-  
t i t i o u s  point. Such an error  is l iab le  t o  occur in a region containing numerous 
similar objects, such a8 water tanks or smokestacks. 

Observers a t  C end B saw the 
In the other two f igures  the observers a t  C and B saw different  

Check Point w i t h  Angle Equation 

A point computet2 from a t r iangle  becomes a check-point, e i ther  i f  the s ta t ion  
is occupied and two s ta t ions see it or if it is observed from more than two sta- 
tions. In  the f irst  case the three angles of the tr iangle are determined from 
observational data and sum to  180° plus the spherical excess w i t h  a closing e r ror  
depending upon the order of accuracy of the work. In  the second case the inter-  
section of the l ines  of observation a t  a common point may be checked. Further- 
more both cof i i t ions  may be sat isf ied.  

The adjoining f igure i l l u s t r a t e s  the first case. 
Cox (ecc.) is  to  be determined. Hence we can deter-  

mine the er ror  of closure and have one condition t o  be 
satisfied i n  making an adjustment. This condition i a  
called an angle equation, The error of closure is the 
difference obtained by subtracting the sum of the angles 
frum l8Oo plus spherical excess. The solution of the 
angle equation using the theory of l ea s t  squares gives 
the most probable d i s t r i b u t i m  of the closure e r ro r  
amcng the three angles. The numbers placed on the l i nes  
leading from the d i f fe ren t  points are  used t o  indicate 
the V I S  or corrections t o  the directions*. The direc- 
t ions of tbe two ends of the l i n e  Vul ta red ls ton  are  
fixed by previous adjustment and w i l l  receive no cor- 

A'ston reetion. Hence no numbers are  assigned to  this l ine.  
The angles are  designated as follows; an observer look- 
ing in to  the t r iangle  from any vertex gives the number 
of the l i ne  t o  the l e f t  a negative eign, the one t o  the 

rigfit a posit ive sign. 
Vultare t h e  angle I s  +3 since direction Vultaredlston I s  unnmbered. Similarly 
the angle a t  Alston is  designated - 4. 

taken clockwise about each p o i n t  beginning w i t h  the direct ion on the extreme l e f t .  
The scheme of designating angles is consistent w i t h  the determination of an angle, 
that is, the difference between $he direction8 of the l ines  which form the angle. 

The posit ion of s ta t ion  
A l l  s ta t ions are  occupied. 

Vu'tare 

4 
cox(acc) 4 

Thus the angle of C o x  (Ecc.) is designated - 1+2. A t  

9s w i l l  be seen ma-e readi ly  from more complicated figures the nmbers are 

LOOABITRYI  AN^^ o o p ~ w  B U U ' L  B n n ' r  PLANE NnLE 
U O U  1- AND D$TANCE -m NO: BTAMON 

2-3vultare dlstm 4.139 737 
-1+2 1 COX ( ~ c c )  62 29 26.5 +le0 27.5 0.1 27.4 0.052 1069 

+3 2 V u l t a r e  42 40 31.6 +0.5 32.1 0.1 32.0 9.831 1311 
4 3 Alston 7b ,50 00.3 +0:5 00.8 0.2 00.6 9.984 6037 

1-3 +2.0 . 0.4 4.022 975 
1-2 4i176 l$+8 

179 59 58.4 
qThese numerical designatIan8 are t o  be regarded simply as a convenient notation, 
replac- the familiar x, y, an'd 2, which represent the unknowns i n  an ordinary 
algebraic equation. They enter in to  the equations only as symbols, and their  
actual v a l w s  are determined i n  carrying out the soluticm. 
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As soon as the observed angles have been taken out of the list of di rec t ions  

? '  

the f l rs t  t h r e e  columns of the triangle form No. 2 a re  f i l l e d  in. Then the spherical  

tho sum af the three angles amounts t o  1 7 9 O  591 58.4", the closure l a  180° 00' 
0.4" - 17g0 59' 58.4" o r  +2.0". We now seek t o  find the most probable d i s t r ibu -  
tion of this clmure among the three angles. 

excess i s  calculated. In  the example the spherica 'i excess amounts t o  O!& Since 

The angle equation is: 

o= -2.0 - (1) + ( 2 )  + ( 3 )  - (4) 
It formally expresses the f a c t  that the sum af the corrections t o  the angles is 
equal t o  the closure. These corrections t o  the angles a re  expressed In terms of 
the corrections t o  the direct ions.  

The f o r m  of the equation i s  in accordance w i t h  the pract ice  of transposing 
a l l  terms t o  the right side. This is of no significance In this example, but in 
cases where several  equations are t o  be solved simultaneou8lg# the constant terms 
w i l l  have the correc t  algebraic signs, if they appear on the same side of t h e i r  
respective equations as the V'S. 

able uniquely, s t a t e s  that the most probable d is t r ibu t ion  a$ e r ro r s  w i l l  be the 
one for which the sun of the squares of the v's i s  a minlmum. The formal aolu- 
t i on  is  as follows: 

The theory af l e a s t  squares applied t o  an equation of this type, not solv- 

(1) 0 = -2.0 - (1) + ( 2 )  + ( 3 )  - (4) 
(2) 0 = -2.0 + 4c 
( 1 qc = +2.0 
($1 C = +0.5 

v1 = -0.5, v2 = +o.5, 3 = +0.5, ~4 = -0.5 

The V I S  a r e  expressed In t e r m s  of a c o n s t a n t  C. We see, that the equation, 4C = 
+2, called a normal equation, i s  obtained by rewrit ing the or iginal  equation, suh- 
s t i t u t lng ,  f o r  the sum of the V I S ,  the sum of the squares of t he i r  coef f ic ien ts  
multiplied by C, and equating it t o  the constant +2.00. The v!s a r e  obtained by 
writing the  products of t he i r  respective coeff ic ients  by C. In  an angle equation 
these coeff ic ients  a r e  equal t o  plus o r  minus 1. The V I S  a r e  adopted t o  the  same 
number of decimal places as the directicms i n  order that the sum of the  angle correc- 
t ions  w i l l  be exactly equal t o  the closure of the  t r iangle .  . In  other words the 
angle equation i s  satisfied exactly. No adoption is required i n  the example given 
since the v 's  cane out exactly t o  tenths. The steps in the solut ion a re  merely 
'Indicated here w i t h  no a t t anp t  a t  theoret ical  jus t l f ica t ion .  
a r e  determined by combining the v's  as shown on the t r iangle  computation form. 
These angle corrections are applied t o  the observed angles to give t h e  spherical  
angles, a f t e r  which the d is t r ibu ted  spherical  excess i s  subtracted yielding the 
plane angles. 

The determination of the  unknown s ides  completes the t r iangle  computation. 
The corrections t o  tl.le directions should be applied t o  the l is t  of directions.  
The angles of the t r iangle  obtained from the adjusted d i rec t ions  must check the 
spherical angles in the tr iangle.  The geographic posi t ion i s  f i n a l l y  computed 
by the method already described, using the spherical  angles. 

Side Equaticm 

point is  observed from tbree or m o r e  stations. 
been adjusted already, we have only the condition t o  be sa t i s f i ed  that the l i n e s  
drawn from the points of observation t o  the n e w  s t a t ion  meet in a point. 

Peyton condition is known as a side equation and w i l l  
be i l l u s t r a t ed  by a typical  example. 

The t r iangle ,  Harborton - Tangier 3 - 
Peyton, i s  fixed. Hence no numbers are as- 
signed t o  the l i n e s  forming i ts  s ides  t o  ln- 
dica te  corrections. The other lines a r e  num- 
bered only a t  the ends from w h i c h  observed, 
since these cons t i tu te  the only given direc- 
tiona. The designation given a concluded 

Tangier Sound 3 angle, as may be seen from inspection OQ the 

The angle corrections 

Another r e l a t ive ly  simple problem of adjuslnent arises when an unoccupied 

This 

If the occupied s t a t ions  have 

4 I 
Tangier-3 

L. H. 
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STATION 1 OBSERVED AN(ILE 

2 -3 
.l+2 lTangier Sd.L.B. ( 5 3 .  16 20.8) 
k 1  2 T a n g i e r  3 122 43 59.7 

-2 3~ey t0n  3 69 8906 
1-3 

1-2 

2-3 

1Tangier Sd.L.H. (156 40 27.1) 
21 05 19.6 

-3 3Harbortm 
13 
1-2 

2 14 13.4 

2-3 

32 14 29.7 
44 21 25.1 

1-3 
1-2 

2-3 

1 
2 

.3 

1-3 

1-2 

- - 
COBB'I 

tl.4 
-0.2 

-1 02 

-1 06 
-0.2 ' 

+1.8 

-3.0 

k1.2 
k 1.8 

- - 
Irarn'L 
EXcnE - - 

0.0 

0.1 

0.0 

0.1 

PLANE ANOLE 
AND DIBTANCE 

03 .O 

30.5 
2605 

LOOAEXTEY 

4.361603 

0.0961007 
9 9248982 

8.8429337 

4 382602 
3 300637 

4.306754 

0.4023418 
9.5560765 

8.5915408 
+1 

4.266172 
3 300637 

4.526055 

0.0119887 

9.7271292 
9.0445589 

4;266173 
4.382602 
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1. 

-2 

:? 

t r iangle  computation form, is the sum of the designations given the other two 
angles of the same tr iangle but w i t h  the signs changed. 

The data enable us t o  f i l l  in the f i r s t  three columns of the triangle form, 
except f m  the concluded angles w h i c h  must include ths spherical excess for the 
whole t r iangle  in each case. The spherical excess f o r  each t r iangle  is Computed 
using the method already described. 
since the spherical  excess of the fixed t r iangle  is known already. The spherical 
excess is a function d p e a  and therefore the sum of the spherical  excesses f o r  
each pa i r  of t r iangles  which farm the e n t b e  quadrilateral  must be equal t o  that 
of the other pair. Furthermore, the concluded angle Harborton, Tangier Sd. L.H., 
Tangier 3, must be equal t o  the sum of the two smaller concluded angles as indi- 
cated by the figure. Realieation of this condition may require an adoption of 
the value of the spherical excess t o  tenths of a second, not exactly in  accord 
w i t h  the computed figtee carried t o  hundredths. In any case both the conditions 
far the am of spherical  excesses ard for the sum of the concluded angles m u s t  
be sa t i s f ied ,  beforg going on w i t h  the problem. 

whether the logaz-ithms of the sides common t o  the various triangles come out 
nearly equal in the computation of *e tr iangles.  If this check fails,-when tb 
angles are h o r n  to  be taken correctly from the directions,the point whose posi- 
t ion i s  sought i s  not a genuine intersection point and it is useless t o  proceed 
fur ther  w i t h  the adjustmcmt. 
three stat ions it may s t i l l  be possible to  find three l i n e s  which give a r e a l  in- 
tersection, in which oase it is necessary t o  eliminate the spurious direct ion and 
work from another set of 3 directions.  If, after using a l l  available directions,  
i t  is s t i l l  impossible t o  find a def in i te  intersection, the polnt.muat be rejected 
a lhge ther .  

Assuming that a l l  checks are sat isfactory we may proceed w i t h  the set up and 
solution of the cordi t ion equation, which assures that the l i nes  intersecting a t .  
the point, Tangier Sd. L. Si., a c t u l l y  m e e t  a t  a point. .The fo l lowing  equation 
may be seen to hold between the l i nes  intersecting a t  the point, Tangier Sd. L.H. 

We can check the accuracy of the resu l t ,  

It should be hoted also when the computation fo r  spherical excess is made, 

If there are direct ions available from more than 

2. 3. 4. 5 .  60 7. . 8. 
+ Side - Side 

59 39.6 8.842 9698 + 3 O o 1 7  +1 122 4 59.7 d 21 25.1 jJ$ 7 7 8  + 2.3 +2 32 3 29.7 
21 05 19.5 0 6 + 5 .  -3 2 4 13.4 

-2 3 032 .2 3 

Tangier Sd. L. H. - T a n g i e r  3 Tangier Sd. L.H. - Peyton 

Tangim Sd. L. H. - Peyton 
X X 

Tangier Sd. L. H. - Harborton 

Tangier Sd. L, H. - Harborton 
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Columns 1 and 5 contain the designations of the angles in the numerator and denmi- 
nator respectively,  columns 2 and 6, the observed angles, colutun 3 and 7, the loga- 
rithm of the s h e s ,  and colmns 4 and 8 th tabular difference i n  the logarithm 

the logarithms i n  colurmns 3 and 7 a re  ob tabed  and the difference of the sums, a l so  
expressed in units of the sixth place, noted. This difference i s  the constant t e r n  
of the equation and is plus or minus depending on whether the l e f t  or right c o l m  
is the grea te r  in magnitude. 

In judging whether the constant term is s m a l l  enough t o  give a sa t i s fac tory  
adjustment, account nust be taken both of the allowable precision i n  the angle de- 
t e r m h t i m s ,  and the magnitude af the angles themselves, An e r r o r  af l second in 
the angle w i l l  a f f e c t  the logarithm and hence the constant te rn  by the amount of 
the tabular difference f o r  that angle. For small angles the tabular difference 
becomes very large.  In  the example ahown the constant term is not too large be- 
cause the equation contains two emall angles. The tabular differences i n  column (4) a re  wr i t ten  as coefficients of the numbers designating the V I S  i n  column (l), 
the proper algebraic s ign being given t o  the indicated products. Similarly m u l t i -  
p l icat ion of the numbers i n  column (5) by the tabular  differences i n  column (8) is 
indicated but  w l t h  algebraic sign changed. terms so obtaihed a r e  assembled 
w i t h  the constant tern,  and the oum s e t  equal t o  zero. This equat'ion is similar 
t o  the angle equaticn already considered except that the coef f ic ien ts  of the V I S  
in general d i f f e r  frcm imi ty .  me solut ion is liandled i n  exactly the same way. The 
sum of the squares of the coeff ic ients  of the V I S  multiplied by C i s  equated t o  the 
constant term. After C is solved, it is  multiplied by the respective coef f ic ien ts  
in the assembled equation t o  give the V I S .  The vva a re  rounded off t o  the same 
number of decimals t o  which the angles a r e  expressed. The valces should be adopted 
t o  give the most consistent t r iangle  computation and the l a s t  f igure  may not be 
exactly the same as that arr ived a t  h dropping the  extra  decimals. This i s  ca l led  
adoption of the VIS. Because one angle is concluded the sum of the angle correc- 
tions is zero for each triangle. 

buted apherical  excess subtracted to give the plane angles. The planeangles should 
sum t o  180° exactly for each triangle.  
f i n a l l y  cmputed. Those common t o  different t r iangles  should be equal o r  d i f f e r  
in  the logarithm by not more than t h e  tabular difference corresponding t o  1 i n  the 
l as t  decimal place retained i n  expressing the angles. In  Intersect ion wmk the 
lengths are rounded off to s i x  places. If common lengths obtained from di f f e ren t  
t r iangles  a re  not exactly consistent that one is adopted w h i c h  i s  determined from 
the t r iangle  in which the  length is carmputed from the l a rges t  length angles. By 
length angles are meant the angles of the t r iangle  opposite the s ides  through which 
the length is calculated. After the ad jus tmnt  I s  completed, the posi t ion compu- 
t a t ion  may be made using any one of the  t r iangles  containing the unknown point. 

Adjustment of a Quadrilateral 

f o r  an increment of 1 seccnd, eFpressed i n  b i ts  of the s i x t h  place+ The sums of 

The 

The corrections may now be applied t o  give the spherical  angles and the d i s t r i -  

The unknown sides  of the t r iangles  are 

The adjustments so f a r  considered have been special  cases involving the solu- 
t i on  af e i ther  a single angle equation or a single  side equation. 
of networks involving four or more stations w i l l  require. in general, the s h d -  
taneous solut ion of both types of equations. 
l a t e r a l  w i t h  all stat ions occupied. We choose an example i n  which two s ta t ions  have been fixed by previous adjustments. 

case the maximum number of eqwt ions  a r e  obtained. 
In  the figure the scheme already explained for desig- 
nating angles has been followed. 
placed on the f ixed l ine.  The angles are ccmputed 
from the l i s t  of d i rec t ions  and the first three 

'Bwnson columns of the t r iangle  form f i l l e d  out. 
cal excesses are computed and must be the same for  
the en t i r e  quadri la teral  using e i the r  pa i r  of t r iangles  

9 which form the en t i r e  area. The closures are next 
8 10 determined in the manner already discussed. A s  i n  

the case of the spherical  excesses the sum of the 
closures f o r  the en t i r e  area is the same when taken 
over e i the r  of the pairs of t r iangles  w h i c h  exactly 

These two checks must be sa t i s f i ed  before proceeding w i t h  the 

The adjustment 
A typical case is that of a q u a e i -  

In  this 
Waikiki Ecc. 

No numbers a re  

The spheri- 
Best e6 

Omar Ecc. 

cover the figure.  
ad justanent . 
w i l l  be discussed. 
IC B e i n g  plus f o r  angles less then goo and minus f o r  angles m o r e  than 90'. 

A graphical mtbod of determining the number of angle and side equat ias  
we shall r e f e r  t o  th is as the method of building UP the f i g w e  
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NO. 

+1C 

+2 

-6 

3+4 

6trl 

+1c 

4 

-1 

4+f 

,845 

Dl+f 

- - 

State: _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  Virginia ________. ____. _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
-0121 

STATION 

2-3 

1 Omar Ecc. 

2 Best 
3 Brunson 
1-3 
1-2 

2-3 
1 Waikiki ECCm 

2 Brunson 
3 0- ECC. 

1 -3 

1-2 

,23  
1 Waikiki Ecc 
2 Brunson 

3 Best 

1-3 

1-2 ' 

. 2-3 
1 Waikiki Ecc. 

2 0- ECCm 

3 Best 
.1-3 

1-2 

OBSERVED ANOLE 

113 41 53.60 

20 39 38.75 

45 38 29.46 

01 e81 

39 47 17.48 

96 09 51.26 

44 02 53.16 

01.90 

LO5 42 42.29 

50 31 21.80 

23 45 54.69 

- 
58.78 

.65 55 24.81 

69 39 00.44 

44 25 33.44 

58.69 

0.07 52.61 

0.07 38.98 

0 07 ' 28.41 

0.W 

.1 16.65 

50.75 

52.60 

43.03 

22 23 

54.74 

0.11 26 31 

0.11 59.93 

0.11 33.76 

Om33 

- 

LOOABITEY 

4.2334927 

0 m03825770 

9.54757192 

9 85429141 

3.8198223 

4 1260418 

3.8193223 

0.19385517 

9.99748182 

9 84214728 

4.0106598 

3 8553248 

4.2334927 

Oe01653823 

9 088754872 

9 60529383 

4.1375796 

3 8553248 

4 126041 8 

0.03952686 

9 e97201098 

9 84509062 

4.1375796 

4.0106593 

1 



dash. A l l  t h r o e  s ides  of the figure are  marked 
indicating tha t  a l l  conditions have been used, 
which i n  t h i s  case gives one angle equation. Pro- 
Cf36di1lg t o  the four th  point D, COMeCt it  by l i nes  
t o  the three fixed points completing the quadri- 
l a t e ra l .  Then an angle equation is written i n  
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example under discussion this tab le  would appear as follows: 

1 2 3 4 
Name of Stat ion No. l i n e s  drawn No. angle No. side 

equations equations 

Brunson 0 0 0 
1 0 0 

1 0 
*st 
Waikiki ecc. 

1 Char ecc. 
Totals 4 4- + 1 

Inspection of this record w i l l  indicate e i the r  the number of equations introduced 

number of equations up to the givspl point. This scheme also gives the most ready 
access t o  the data for substLtution 5n the general formulas for determining the 
nwnber of equations : 

with each new point brought into the figure or, by adding the columns, the total 

Number of angle equations = n l -  St+ 1 
Number of side equationa = n - 2s + 3. 

i n  which n is the to ta l .  number af l ines ,  S ' i s  the t o t a l  number of s ta t ions ,  n f  is 
the number of lines sighted over i n  both d i rec t ions  ard S f  is the number of occu- 
pied statims. 
anfi connecting l i n e s  which cons t i ta te  the s t a r t i ng  data in buildlng the figure. 
The quantity, S, i s  found by counting i;he namea i n  the f i rs t  column, whereas n is  
the s1.m of fhe numbers in the .second. The number of angle or side equations i s  
given by the sums of the numbers in the third and four th  columns, respectively,  
an3 should check t h e  results given by the  respective formulas. It is here assumed 
tha t  a l l  s t a t ions  a re  occupied and a l l  l i n e s  sighted both ways so that n = nf  and 
S = S I .  Otherwise it would be necessary to indicate unoccupied s ta t ions  and In- 
troduce an additional column for lines sighted both wags. The usefulness of this 
tabular scheme,is enhanced i n  the case of extended arcs of t r iangulat ion or  com- 
plex net works. 

equations t o  sa t i s fy  the ru le  j u s t  given. In  a simple quadri la teral  w i t h  two 
diagonals drawn the equation m y  be wri t ten in one of four possible ways. It l a  
preferable t o  ch'oose the pole so that the smallest angles w i l l  be used i n  the side 
equation.o The angle equaticns and side equation which were chosen a re  a s  fo l -  
lows : 

In order t o  use these formulas we must include the adjusted points 

There is usually som freedom of choice i n  select ing the s ide equation or 

1. 
2. 
3. 

Correlate Equations 

There are thus obtained four equations containing ten Unkno~ns, which are 
the VIS or corrections t o  d imct ions .  The assembly of correlate  equatlons from 
these four equat ims,  the formation and solution of the normal equations and the 
f i n a l  deteminat ion of the V I S  are given completely in  the following pages. The 
steps taken w i l l  be pointed out i n  order a d  i n  d e t a i l  but w i t h  no attempt a t  a 
theore t ica l  explanation. In  the correlate  equations are assembled the coeff i- 
cien ts  of the v f s  from each of the or iginal  equations, for each of which there  
i s  one ve r t i ca l  column. There is a horizodtal  row corresponding t o  each V. The 
corre la tes  are f i l l e d  i n  ve r t i ca l ly  one collrmvl a t  a time. It w i l l  k e  noticed 
that the columns contain the coeff ic ients  of the v f s  each placed opposite i t s  re-  
spective v as indicated i n  the l e f t  hand margin. 
*Special Publication No. 138, page 35. 



C or r  e l a  t o Equation 8 

----- . Equations------ 

r 

V 1  v2 v3 "4 v5 
- -1. "343 +O B y 9 3  +1 04343 +0.4 231 -0.4 231 -0.h183 

-0.75625 +0.204 6 +0.55139 

-0.;59663 +0*80636 +o. 81 
- 0.13293 +0.30560 -0.00973 - 0.13 +0.30 -0.01 -0. 0 

+ 0.48231 +1.0t$343 +0.&93 -0.44193 -0.48231 
v6 v7 v8 "9 9 0  

+ 0.49908 -0.4 231 +0.48231 

+0.51 
L 

- 
1 

-1 

-1 

+1 

+1 

- 

- 

;jl -1 

, +1 
-1 
+1 -1 

4 1 4  

+2.29 + l a  
-0.23 *L77 

-1.00 

Normal Equations -i +6 

4 rl E 
I I 

Forward Solution 

rl E 
!POW 1 

*4.0000 +2.0000 +2.0000 -1.4600 +2. 700 

(1) -1.OG00 -1.OrJOO +o. 73 [ii) 4 . 2  50 
+0.36500 
-1 0 64-00 +;::dfg 

+5 . 0000 
c2 

+3 2000 -1 9300 +J 9640 +3 -2340 +o. 60312 -0.61375 -1 . 01062 
+b . 0098 

( 2 )  -11.7 11 
(3 )  - 1.1640 

c3 
(1) - 3 . 9 p  

+18.8667 
+24.1245 -5*2577 - 0.78206 c4 +O .21794 
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The first three columns of the correlate  equations correspond t o  the three 
angle equations, the four th  t o  the side equation while the f i f t h  o r  2 colmm con- 
t a ins  the sums of the horizontal  rows. 

Normal Equationa 

We now have the data properly arranged for the formation of the normal equa- 
t ions.  
columns of the correlates.  The first term of the first equation is the sum of 
the squares of the quant i t ies  i n  the first column of correlates.  The second term 
of the  first equation is  the sum of the products of quant i t ies  In the same hori-  
zontal  rows of tb first  and second columns of correlates.  Thus in the f i rs t  row 
we have (-1) x (-1) = +1 in the f i f t h ,  (4-1) X (+I) = +1, giving a s1p11, +2. The 
th i rd  term is the sum of the products of quant i t ies  in the same horizontal  rows 
of the f i rs t  end th i rd  column, and the fourth term i s  obtained s imilar ly  from the 
f i r s t  and four th  colmn. 

constant term of the  corresponding or iginal  equation. We note that the first 'I 
term, -1.46, i s  taken from the first angle equation. 

The f i rs t  term written i n  the second equation is the sum of the squares of 
quant i t ies  i n  the secmd column of correlates ,  the next term is the sum of pro- 
ducts from the second and th i rd ,  followed by the term obtained from the second 
and fourth columns. !l!he rl term is taken from the second angle equat'ion. The 
same scheme is  applied t o  the remaining equations. 

The z term f o r  the f irst  normal equation i s  obtained by adding the f irst  
horizontal  row including q . The C term of the second normal equation is obtained 
by reading down the secod  column u n t i l  it terminates then t o  the r igh t  as fa r  as 
possible, including the q term. The same scheme is applied t o  the remaining equa- 

, t ions.  Thus we have - 

In  this  case there w i l l  be four equations correspording t o  the numbered 

Blanks i n  the correlate  columns are t reated as zeros. The 'I term is' the 

+4 +2 +2 -3.97 -1. 6 = +2.57 
+2 +6 -2 + .69 -1. = +10.05 
+2 -2 +6 - 8 .52 +1.7 4 = -0.74 

-3.97 +5.69 -8.52 +l~.0098 -6.39 = +27.8198 

The c terms may be checked independently as  follows. For a given normal 
equation, obtain the sum of the products of quant i t ies  i n  tho corresponding column 
of cor re la tes  by those i n  the same horizontal  rows of the C column of the corre- 
l a t e  equations. This sum should be the same as  the sum of the terms of the nor- 
m a l  equation preceding the q tern. 

(equation) +4 +2 +2 -3.97 = +4.03, or plus q term = +2.57 
(check) -0.15 -0.53 +2.94 + l o 7 7  = +4.03, or plus q term = +2.57 

To i l l u s t r s t e  f o r  the f irst  equation: 

It may be seen that these schemes a re  a lgebraical ly  equivalent. This check 
should always be carr ied out before attempting t o  solve the normal equations. 

Forward Solution 

The forward and back solutions of the normal equations should give us Q s e t  
of constants from which the V I S  m y  be derived. The forward solut ion is carr ied 
out as  follows: Write the f irst  nonnal equation on the f i rs t  row . On the second 
row write C 1  followed by the respective quotients, w i t h  reversed algebraic sign, 
of the f i r s t  term of row 1 divided i n t o  each succeeding term. This divided equa- 
t ion expresses C1 in terms of the other constants and the q term. That i s  C l  = 
-O.5OOOO C2 -O.5OOOO C +0.99250 C +0.36500. The divided equation is  checked 

sum should be equal t o  the 2 term. A horizontal  l i n e  is then drawn to indicate  
that this m c h  of the solution i s  finished. 

equation, +6 -2 +5.69 -1.64 + l O . O 5  beneath the l i n e  in  the th i rd  row beginning with 
column 2. To form equation marked (1) which is placed in row 4 beginning with 
column 2, use the f irst  term of the f irst  divided equation, -0.50000, found i n  
row 2, column 2, t o  multiply the  terms i n  row 1 beginning with the term, + E ,  jus t  
above the constant fac tor ,  and continuing w i t h  a l l  subsequent terms t o  the r i n h t .  

by obtaining the sum 02 the terms !!i p t o  and including q and adding i n  a -1. This 

The solut ion of the second normal equation may now be carr ied out. Write the 

or  
-1.oooo -1.0000 +1.9850 +o.7300 -1.2850 
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Next add the quant i t ies  found in the third and fourth rows column by colurma. We 
obtain +5.0000 -3.0000 +7.6750 -0.9100 +8.76,50, which is writ ten in row 5. The 
sum of the  tern8 of t h i s  equation, added across, up t o  an3 including the q term 
should be equal' t o  the Z term exce t for a possible discrepancy in the last f igure  
due t o  dropping decimals. we write C2 in  column 2 followed by the quo- 
t i enss  resulting from dividing the first term in row 5, +5.OOOO, i n t o  those that 
follow, with reversed algebraic signs. This divided equation which completes the 
solution of the second normal equation i s  checked by adding the te rns  across up t o  
and including the T) term ald adding in a -1. 
term, 

ning w i t h  column 3, and jus t  below the l i n e  terminating the solut ion of the second 
equation. To obtain equation marked (1) in row 8, take -0.50000s found i n  row 2, 
column 3, as a constant factor ,  t o  multiply the terms i n  l i n e  1, be inning with 
colmn 3. To obtain equation marked (2 )  in row 9, take +0.60000, found i n  row 
6, column 3, as a constant f ac to r  t o  multiply the terms i n  row 5 beginning with 
column 3. Note that i n  tb formation of these multiplied equations, the constant. 
fac tors  are  always the terms of the divided equations found i n  the same colimi as 
the number of ths nornlal equation being solved. The terms multiplied a re  i n  each 
case those of tb equations found in the respective rows immediately prsceding 
the divided equations from which the constant f ac to r s  are taken. The nul t ip l ica-  
t ion  begins i n  each case with the terms i n  the column containing the constant fac-  
tops and continues with a l l  subsequent terms t o  the right. The equatioii In row 
10 r e su l t s  from the additlon column by column of the terms i n  rows 7, 8 and 9. 
It is checlced i n  the 981118 manner as the eqimtion i n  rcw 5 .  The aivicIe8 equation 
in row 11 is obtained by dividing +3.2OOO, the f i rs t  term in row 10, i n to  those 
that follow w i t h  reversed sign. It is checked i n  the same way as the other divided 
equations i n  rows 2 and 60 The horizontal  l i n e  indicates completion of the solu- 
t ion of the th i rd  normal equation. 

The fourth and final normal equation, +ltI..OOg8 -6.39 +27.8198, i s  wri t ten i n  
row 12 be Inning w i t h  colunm 4. 
(21, and 731, found in rows 13, I!+ and 15, Lire tO.g92E,O, -1.53500, and +0.60312 
which a re  found i n  tb fourth column and i n  the rows containing the divided equa- 
t ions,  vie. 2, 6, ard 11. The respective constants a r e  multiplied b the t en i s  
i n  rows 1, 5, aIld 10, beginning in each case with the term i n  c o l m  I, that is, 
the term j u s t  above the constant. Rows 1 2  t o  15, inclusive, e re  added column by 
column t o  give the equation i n  row 16, which is checked In the erne fashion as 
those In rows and 10. The f i n a l  divided equation beginning wlth C is obtained 
by dividing +2io1245, the first term i n  row 16, into those that fol 'i ow with re- 
versed sign. A s  w e  should expect the f i r s t  term of the f inal  divided equation, 
+0.21794 added t o  -1 gives a sum equal t o  the las t  term. The ac tua l  value af the 
constant C 4  is +0.21794. 

In row 

The sum should be equal t o  the Z 

The th i rd  normal equation, +6 -8.52 +1.78 -0.74, i s  wri t ten  in row 7 begin- 

The constant fac tors  used t o  obtain equations (l),  

The forward solut ion is thus ccmpleted. 

Back Solution 

The method of obtaining the back solut ion should be understood from the f o l -  
lowing scheme of writ ing the equations which give the implici t  re la t ionship be- 
tween the constants. 

(1) C 4  = +0.21794 

( 2 )  c3 = -0.61375 +0.60312 c4 
( 3 )  C 2  = +0.18200 -1.53500 C 4  +0.60000 C 3  
(4) c1 = +0.36500 +0.99250 C 4  -0.50000 C 3  -0.50000 C2 

These equations a m  obtained by rewrit ing the divided equations i n  rows 17, 11, 
6 and. 2, respectively, of the forward solution, rearranging the terms to  'read 
f r an  the term t o  t h e  l e f t .  It is obvious that these equations must be salved 
in the order given by eliminating one unknown a t  a time. The back solut ion is 
a formal presentation of the algebraic solution of these equations, consisting 
of as many columns as t b r e  a re  C ' s ,  i n  thiscase four,  numbered i n  reverse order. 
Colmns 4 3, 2 ,  1 of back solut ion are  exactly the same as e q u t i o n s  (11 ,  (21, 
(3),  and 141, writ ten above, except tha t  the indicated multiplications have been 
carr ied out. Similarly if we t r e a t  the assembly of equations (11, (21, (31, (4) 
as an array of rows and columns, the column conteining the constant terms j u s t  
t o  the right of the equality signs, read downward I s  the s a m e  as row 1 of the 
back solution. %e next column containing the products of C 4  is the same as row 2 ,  
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etc .  
follow. 

The f i rs t  row contains the terms-of the divided equations found in the q 
column of the forward solution, rows 17, 11, 6 and 2, read upwards and begin- 
ning with C4. The second row beginning i n  the second column numbered 3 consis ts  
of the products of the  terms of the divided equations foimd in the  four th  colunn 
of the forward solution, viz. +0.60312, -1.53500, +0.99250, taken i n  the order 
wri t ten-by C4.  
C 3 ,  -0.48231. C i s  multiplied by the terms of the divided equations found i n  
column 3 of the  ?orward solution, +O.~OOOO, and -O.5OOOO, and the products placed 
i n  columns 2 and 1 of the t h i r d  row of the back solution. Column 2 is added t o  
give C2, -0.u193. C2 is multiplied by the term of the first divided equation 
found in column 2 of the forward solution -0.5OOO0, and the product placed In 
column numbered 1, m w  4, of the back .solution. This column is added t o  glve 
C l r  +1.04343. 

The d e t a i l s  of setting up the back solution and eliminating the constants 

The quant i t ies  in column nwribered 3 are added algebraical ly  tog ive  

v's 

The CIS are now substi tuted i n  the correlate equations t o  glve the V'S. 

v1 = (-1 x c1) + (1-1 x c2)  + (2.15 x cb) 

= -0.u93 + 0-74753 
= +0.30560 

This work is  presented i n  tabular  form. (see page 11) The v 's  a re  adopted 
t o  the same number of decimals retained i n  the observed directions.  The adop- 
t i on  I s  usually simply a matter of rounding off the declmals but the l a s t  figure 
may d i f f e r  by 1 from the value s o  obtained, due t o  the f a c t  that the sums of the 
angle correct ions must equal the closures of the respective t r iangles .  E'or in- 
stance, v2,+0.30560, i s  adopted to+O.?jO rather than4.31 a s  would be expected. 

ta t ion.  The correction t o  a given angle i s  the algebraic sum of the corrections 
t o  the d i rec t ions  d tb lines which form the angle, taking in to  account the al-  
gebraic s igns of the V I S ,  rn designations. Let us take as an i l l u s t r a t i o n  the 
computation of the t r iangle ,  Omar Ecc., Best, Brunson, as found a t  the beginning 
of the t r i ang le  form. The correction t o  th angle a t  Oaar Ecc., designated -8 
+lo, becomes, a f t e r  subst i tut ion of the v f s ,  -(+0.44) +(-0.48) = -0.92. 
correctian is entered i n  column 4. 
a t  Best, designated +2, is +(+O.3O) ,  and the correction t o  the angle a t  Brunson, 
designated-6, i s  -(+0.98) or -0.98. Note that the sum of these corrections i n  
column 4 is  equal t o  the closure previously determined, -1.60. 
be found equal to  the sum of *e corrections t o  within the l imi t s  of adoption of 
V I S  j u s t  discussed, if  the solut ion is correct. The spherical  angles a re  then 
entered and the d is t r ibu ted  spherical  excess subtracted t o  give the plane angles 
which should sum t o  180° exactly. The computation of the s ides  of the t r iangles  
is completed. Sides c m o n  t o  d i f fe ren t  t r iangles  should agree i n  the logarithms 
or d i f f e r  by an amount not exceeding the tabular difference corresponding t o  1 
..in the last decimal place of the smallest  angle involved i n  the calculntion. In  
a first order computation as  given i n  the example the logarithms of the angle 
functions are carried t o  e ight  places and the lengths adopted t o  seven. 
event common sides  d i f f e r  by an amount w i t h +  the allowable l i m i t  as j u s t  dis- 
cussed, the length derived from the t r iangle  containing the la rges t  length angle 
is adopted. 
c r i t e r ion  of correctness of the whole canputation. 

d i rec t ions  and the adjusted direct ions entered. 
noted whether the use of the adjusted direct ions w i l l  give the spherical  angles 
i n  the t r iangle  form. This operation is i rdicated by check marks on the spheri-  
c a l  angles. 

The foregoing i l l u s t r a t e s  the adjustment in detail  of a quadri la teral .  The 
reader should now consult Special Publication No. 138 f o r  fu r the r  deve lopent  of 
t h i s  .problem In seeing how an a r c  of t r iangulat ion is  adjusted. 

The angle corrections a re  next determined and entered i n  the t r iangle  compu- 

This 
Similarly the correction t o  the angle 

The closures w i l l  

In the 

A sa t i s fac tmy check i n  the lengths of conmon sides i s  the f i n a l  

The V I S  ar corrections t o  d i rec t ions  a re  f i n a l l y  applied i n  the l i s t s  of 
As a f i n a l  check it should be 



NOAA--S/T 77-2701 


